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Plan of the talk

(H,A,¢,S) Hopf algebra
A right H-comodule algebra

Main question: Given a Hopf-Galois extension B := A" C A
can we find noncommutative differential calculi Q®(A), Q®(H) such that

Q.(B) — Q.(A)COQ.(H) - Q.(A)
is a Hopf-Galois extension of graded algebras?

We give conditions for this to holds as first order differential calculi: Principal
differential calculi

e Principal comodule algebras (faithfully flatness)

e Base forms, horizontal forms and compatibility

Then we discuss sheaves of calculi which are locally principal.
e local < global principles in noncommutative geometry

o use Ore localization of algebras/differential calculi
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Hopf-Galois Extensions

Let k be a field.

(A, 84) right H-comodule algebra with coaction d4: A - A® H.
We write A(h) = h; ® hy and 6A(a) = a9 ® az.

B:= A" .= {ac A|dp(a) =a®1}

Definition (Kreimer-Takeuchi '80)

B C A is called a Hopf-Galois extension if the canonical map

X:A®gA— A® H, a®pa — aa) ® ay

is a bijection.
4

i.) If A= H then k = A" C A is Hopf-Galois extension with
x"1(a® h) = aS(h1) ® ho.
ii.) m: P — M principal G-bundle, A =C>(M), H=C*°(G).
Right G-action r: P x G — P induces right coaction d4 :==r*: A— A® H.
B := A®H = ¢®(P/G) = C>®(M)
¢: PxG— PxyP, (p,g)— (p,r(p,g)) induces x := ¢* and ¢ is bijection if
r is free and transitive.

4
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Principal Comodule Algebras

(A,d4) is called a principal comodule algebra if
i.) B:= A" C Ais a Hopf-Galois extension and

ii.) Ais a faithfully flat left B-module, i.e. Mg — MZ M— M®gA
is an exact functor which reflects exactness.

In case the antipode of H is invertible we have equivalently to ii.)

ii".) There is a section s: A — B ® A of the left action £: B& A — A in s M ie.
Los= idA.

ii".) There is a right H-colinear unitary map j: H — A.
y

Theorem (Schneider '90)

The following are equivalent.

i.) (A,da) is a principal comodule algebra.

i) Mp = M'Z are equivalent categories.
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Examples of Principal Comodule Algebras

@ The smash product algebra: Let B be a left H-module algebra.
Then A = B#H is a right H-comodule algebra with B = A

(b#h)(b'#h') = b(h1 > b')#ha b
It is a principal comodule algebra with cleaving map j: H — A, h+— 1#h.
@ A = SLg(2) free algebra generated by o, 3,7, modulo

aB=q"'Ba, ay=q lya, PBE=q 6B, ~I=q 5y,
By=vB8, ad—da=(q7'—q)By, ad—q 'py=1

is Hopf algebra with A (: ’g) = (: ’g) ® (: g)

Consider the Hopf algebra quotient 7: A — H = U(1), (‘;‘ ,g) = (5 tgl)

Then A is a right H-comodule algebra with §4 = (ild® 7)o A: A — A® H.
and B = A®H = 04(S?) is the Podles sphere.
One can show that A is faithfully flat as a B-module.

Thomas Weber Principal Differential Calculi



First Order Differential Calculi

A associative unital algebra.

We call (T, d) a first order differential calculus (FODC) on A, if
@ T is A-bimodule;
@ d: A—T is k-linear s.t.

d(ab) = d(a)b+ adb (Leibniz rule)

holds for all a, b € A;

© I = AdA :=span,{adb | a,b € A}; (Surjectivity) )

i.) A= %oogM) [ =r>(T*M), d: A— T de Rham differential
df|y = 2L dx’ in local chart (U, x).

i) A= CqS1 := C[t, t™1], g € CX not root of unity I = Adt, dt - f(t) := f(qt)dt,
and df|; := %dt7 for f rational function in t.

A

Thomas Weber Principal Differential Calculi



Covariant Differential Calculi

H Hopf algebra
(A, d4) right H-comodule algebra

Definition (Woronowicz '89)
A FODC (I',d) on A is right H-covariant if

ada’ — agda) ® aiaj (1)

for a,a’ € A extends to a well-defined k-linear map ' — ' ® H. )

A FODC (T',d) on (A,d,) is right H-covariant if and only if
e (I',Ar) is a right H-covariant A-bimodule: Ar(a-w-a') = da(a) - Ar(w)-da(a’)
e d is right H-colinear: Arod = (d® idy) 0 da

Then Ar is determined by (1).
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Lemma

Let (I',d) be a right H-covariant FODC on a right H-comodule algebra A.

i.) An injective right H-comodule algebra map v: A’ — A induces a right
H-covariant FODC (T',,d,) on A’, where

r,:=uA)d(A)CT

andd,: A’ 53 — du(a’) €T,.

ii.) A surjective right H-comodule algebra map w: A — A’ induces a right
H-covariant FODC ([x,d) on A’, where

M-:=T/I
is the A-bimodule quotient with I'j := IdA + Adl, where | := kerm C A and

dr: A’ 3 7(a) — [da] € Tx.

iii.) If v is a section of w we have an isomorphism (I',,d,) & (['x,dx) of right
H-covariant FODC.

We call (T',,d,) the pullback calculus, while we call (T'x,d~) the quotient calculus.
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Horizontal and Vertical Forms

(A, d4) principal comodule algebra,
recall this means B = A" C A Hopf-Galois and A is faithfully flat B-module.
Definition

A FODC (I'a,da) on A and a left covariant FODC (I'y,dy) on H are called a weak
principal DC if ver is well-defined and makes

03 AQplg =My =55 AOulMy — 0

exact. They are called principal DC if in addition (I'a,da) is right H-covariant and
(TH,dn) is bicovariant.

Above
ver: M'p — AOyly, adAa' — 3036 (2] aldHa{,

where AOyplMy ;== span{a@uwy € AQTY | da(a) Qwy =a® A[H(wH)}.

Warning: ver might not be well-defined!
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Principal Differential Calculi

Lemma

Let m: A — H be a Hopf algebra quotient and (I'a,da) a left covariant FODC on A.
Then

i.) With A := (r®id) o A[A: Fa— H®Ta (Fa,da) becomes left H-covariant.
ii.) The quotient calculus (['y,dy) on H is left covariant.

ii.) ver is well-defined and ver = (id ® 7r) o A[A :Ta — AOply.

y
We have
i.) the pullback calculus (I'g,dg) w.r.t. t: B = A" — A (Base forms)
ii.) the (A, B)-sub-bimodule
rhor.— Alg := spany{awpg | a€ A,wg €T} C Ty (Horizontal forms)J

Exactness of 0 — AQp g — Ma — ATy — 0 is equivalent to the exactness of
0 Alg > Tg =5 AR My — 0 (= strong quantum principal bundle & la Majid).
Then AR g = Alg.

4
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Examples

i.) Consider the principal comodule algebra Og(S?) C SLg(2) with structure Hopf
algebra U(1).
® The 3-dimensional right covariant FODC on A is a principal DC.
® The 4-dimensional bicovariant FODC on A is not a weak principal DC.
ii.) Let B be a left H-module algebra. The smash product A = B#H is a right
H-comodule algebra with A< = B.
(b#h)(b'#h") = (b(h1 > b")#hah')
Choose a bicovariant FODC (I'y,dy) on H and an H-module FODC (I'g,dpg)
on B, i.e. (h>dgb=dg(h> b)).
There is a natural right H-covariant FODC (I, dx) on A, given by
Iy =Tg#H® B#Iy and dy = dg © dy.
This is a principal DC on A.

A
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Graded Hopf-Galois Extension

(A, d4) principal comodule algebra. ([4,da) and (', dy) principal DC.

i.) le = H® 'y is a graded Hopf algebra with

A= AH LA Ty 5 ThOHOH®TY

and S1: Ty — Ty, w —S(w—1)woS(w1).
ii.) QEI = A® T4 is a graded right Qﬁl—comodule algebra with
A=A +ver:Ta—TaQ@HBAR .

y
Theorem (Aschieri-Fioresi-Latini-W)
s

<1
For a principal DC: le = (Qfl) H C Qf\l is a graded Hopf-Galois extension.

We use tools developed by Schauenburg '96.

For a principal DC we have I'g = r/CAOH n r}}or-
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Quantum Principal Bundles

pr: E — M surjective morphisms of algebraic varieties, P affine group with associated
Hopf algebra H.

Theorem (Pflaum '94)

pr is P-principal bundle if and only if F(U) := Og(pr—!(U)) defines a sheaf of right
H-comodule algebras such that on an open cover {U;} of M

Q F (U)ot = ou(U;)
Q F(U) = F(U)e°HeH

Condition 2. says that F(U;)°°H C F(U;) is a cleft Hopf-Galois extension, i.e. there is
a convolution invertible right H-colinear map j: H — F(U;).

(M, Op) quantum ringed space, H Hopf algebra.

Definition (Aschieri-Fioresi-Latini '21)

Sheaf F of right H-comodule algebras is (locally cleft) quantum principal bundle over
M if there is open cover {U;} of M such that 1. and 2. hold.

If j is algebra map (locally trivial QPB) then F(U;) = F(U;)°°H#H as comodule
algebras, where h> b := j(h1)bj~1(h2).
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Example SL,(2) over CP?

Consider A := SLq(2) with Hopf algebra quotient 7: A — H, (: ’g) — ((t) t81>’

where H := Oq(P) := Cq[t,t 1, p]/(tp — g~ 1pt) on parabolic subgroup P.

Consider the topology {0, U1, Uz, Uiz, CPI} on CPL.
We define the sheaves

F(0) := {0}, F(Lh) := Ala” ], F(L2) := Ay 1],
F(Ur2) := (Ala™ DIy '], F(CPY):= A

of right H-comodule algebras and
Ocp1(0) := {0}, Ocpi(Uh) := Cqla™7] = Cqlul,

Ocp1(U2) := Aly~'a] = Cqlv],
Ocp1(Ur2) := Cqlu, “_1]: Ocpl(cpl) =Cq

of algebras with restriction morphism ri25: v — u—l

= F is QPB over Ocp1 with cleaving maps ji : t¥— at, p— B and

it AT p— 4.
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General Construction

G complex semisimple algebraic group, P parabolic subgroup.
= G/P is projective variety and G — G/P principal bundle.
Let Og(G), Oq(P) be Hopf algebra quantizations of O(G), O(P).

s € Oqg(G) is quantum section if (id ® 7)A(s) = s ® 7(s) and s =t mod (g — 1) for
a classical section t (see Ciccoli-Fioresi-Gavarini '08). We write A(s) = s’ ® s;.

= {s;} determine an algebra O4(G/P) and an open cover {U;} of M = G/P.

Define U := Uy n...NU; for I = (ir,..., ).

Theorem (Aschieri-Fioresi-Latini '21)

Q U~ Oony):= Cq[SkIS,-;l, .. ,skrsijl] for 1 < k; < n defines a sheaf Oy of
algebras on M = G/P.

Q U — Fs(U)) := Oq(G){s] | r < 0} defines a sheaf F¢ of right H-comodule
algebras.

© Fs(U))eCaP) = O (U)), i.e. Fg is a QPB over M, possibly non-cleft.
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Ore Extension of Calculi

Let (A,d4) be a right H-comodule algebra and a € A be an Ore element such that
da(a) € A® H is invertible.

Then A[a~'] is a right H-comodule algebra with &,,—1)(a~") = da(a)~".

Lemma

Consider a right H-covariant FODC (I',d) on A and let a € A be as before. We define
the Ala—!]-bimodule

= A[a’l] FA[afl] = A[a’l] RaT ®a A[a’l]
and the k-linear map

df feA

da: Ala™'] = T, da(f) = {3_1 daa=! f=a1’

where we extend d, to A[a—!] by the Leibniz rule.

Then (Ta,da) is a right H-covariant FODC on A[a™1].
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Calculi on Sheaves of Comodule Algebras

Stalk of a sheaf: for x € M
Fx ={(U,s) | x € Uopen and s € F(U)}/ ~
where (U,s) ~ (V,t) iff IW C UN V s.t. sl = t|w.

A right H-covariant FODC on sheaf F of right H-comodule algebras is a sheaf T of

F-bimodules together with a morphism d: F — T of sheaves of right H-comodules,
such that on the stalks

@ d«(fg) = d«(f)g + fdxg for all f, g € Fi
9 Tx = -dex]:x
hold for all x € M, where dx: Fx — T is the induced map on the stalks.

v

Theorem (Aschieri-Fioresi-Latini-W '21)

Let (T, d) be a right O4(P)-covariant FODC on the Hopf algebra Oq(G) and F¢ as
before. Then

@ there is a right Og(P)-covariant FODC (T ,d¢) on the sheaf Fg, where
(T6(Uy),d)) are the localizations of (I',d).

@ (T;,dg) induces a FODC (T, dpy) on the sheaf Oy and a right covariant
FODC (T'y,dn) on the Hopf algebra Oq(P).

V.
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Principal Differential Calculi on Sheaves

Let F be a sheaf of principal comodule algebras. We say that a FODC (T,d) on F

and a left covariant FODC (['y,dy) on H form a weak principal DC on F, if on the
topological basis {U,} of M

0 = F(Up) ®opuy Tm(Ur) = T(U) =L F(U)Ouly — 0

is exact. If in addition T(U,) is right H-covariant and (I, dy) is bicovariant we have
a principal DC on F.

v

Theorem (Aschieri-Fioresi-Latini-W)

For a principal DC (T, d) on a sheaf F of principal comodule algebras it follows that

TM — TcoH n Thor

is an equation of sheaves of Oy-bimodules.
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The 3-dim Covariant Calculus on A = SL,(2)

Let (Ta,da) be the 3-dimensional left covariant FODC on A, consider the quotient
calculus (T'y,dy) on H and the left H-covariant FODC (T¢,dg) on Fg. Then

i.) Tg(U)) =Ta, is a free left Fg(U;) = Aj-module generated by {w®,w!,w?}.
ii.) The base forms (T y,dy) are determined by I'g, = spanBl{a*2w2} and
l'p, = spang, {y72w?} as free left modules with commutation relations

(d1u)u = q?udyu, (dav)v = g %vdyv,

where u = ya~! € By and v = ay~! € B,. Furthermore g, =spang, {a=2w?} is a
free left Bio-module and diu = —q2u?dov in Ig,-

iii.) (Tg,dg) is a weak principal differential calculus on the quantum principal bundle Fg.
In particular,

0— A ®g g — Ta — AOuTy — 0
is exact for | € {1,2,12}.
iv.) Locally (T¢,dg) is not the smash product calculus, since e.g.
(T(;(Ul),dl) 2 (FBI#H (&) Bl#FH,d#).
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Example GL,(2) over CP?

Theorem

The Ore extensions of A = GL4(2) give rise to a quantum principal bundle F, namely

F@)={0}, F(Uh)=Ala"'], F(l)=Ah"],
F(Uin o) = Ala 1,471, F(M) = A

The Ore extension of the bicovariant FODC (T 4,da) on A is a principal DC (T,d) on
F. Locally, it is not the smash product calculus.

v

o ([4,du) is 4-dimensional w!, w?, w3, w*

e The quotient calculus (I'y,dy) on H = A/{v) is 3-dimensional [w!], [w3], [w*]

o By = F(U)®°H = C4[a~14] with 1-dimensional calculus generated by
di(u) = di(a™ty) = —a%w?

° verl(ZLI aw) = ?:1 ah ® al [w']

So 0 — A &s FB, — FA, ﬂ) A/OulNy — 0 is exact.

Thomas Weber Principal Differential Calculi



AScCHIERI, P., FIoRESI, R., LATINI, E., WEBER, T.:
Differential Calculi on Quantum Principal Bundles over Projective Bases.
Preprint arXiv:2110.03481, October 2021.

AscHIERI, P., FIORESI, R., LATINI, E.: Quantum Principal Bundles on
Projective Bases, Comm. Math. Phys. 382 (2021) 1691-1724.

SCHAUENBURG, P.: Hopf-Galois extensions of graded algebras: The faithfully
flat case, Commun. Algebra 24 10 (1996) 3099-3116.

PrrLauMm, M.: Quantum groups on fiber bundles, Commun. Math. Phys. 166
(1994) 279-315.

PrrLauMm, M., SCHAUENBURG, P.: Differential calculi on honcommutative
bundles, Z Phys C - Particles and Fields 76 (1997) 733-744.

) & W & =)

WoRoONOWICZ, S. L.: Differential calculus on compact matrix pseudogroups
(quantum groups). Comm. Math. Phys., 122(1):125-170, 1989.

Thank you for your attention!
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